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An exact theory of interfacial debonding is developed for a layered composite system consisting of dis-
tinct linear elastic slabs separated by nonlinear, nonuniform decohesive interfaces. Loading of the top
and bottom external surfaces is deﬁned pointwise while loading of the side surfaces is prescribed in
the form of resultants. The work is motivated by the desire to develop a general tool to analyze the
detailed features of debonding along uniform and nonuniform straight interfaces in slab systems subject
to general loading. The methodology allows for the investigation of both solitary defect as well as
multiple defect interaction problems. Interfacial integral equations, governing the normal and tangential
displacement jump components at an interface of a slab system are developed from the Fourier series
solution for the single slab subject to arbitrary loading on its surfaces. Interfaces are characterized by dis-
tinct interface force–displacement jump relations with crack-like defects modeled by an interface
strength which varies with interface coordinate. Inﬁnitesimal strain equilibrium solutions, which account
for rigid body translation and rotation, are sought by eigenfunction expansion of the solution of the gov-
erning interfacial integral equations. Applications of the theory to the bilayer problem with a solitary
defect or a defect pair, in both peeling and mixed load conﬁgurations are presented.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
This paper presents an exact theory of debonding in a plane lay-
ered composite system consisting of distinct linear elastic slabs sep-
arated by nonlinear decohesive type interfaces of vanishing
thickness. The loading on the top and bottom exterior surfaces are
arbitrary anddeﬁnedpointwisewhile the loading oneach of the side
surfaces is deﬁnedby resultant shear andnormal forces andbending
moments. The work is motivated by the relatively recent practice of
strengthening reinforced concrete slabs by adheringﬁber reinforced
plastic plates to the surface. Predicting failure in these systems has
occupied the attention of the civil engineering community to a con-
siderable degree as evidenced by the numerous papers published on
this topic in recent years (e.g., Au and Buyukozturk, 2006; Leung and
Tung, 2006;Wang, 2007; Pan and Leung, 2007; Yuan et al., 2007; De
Lorenzis and Zavarise, 2008). These analyses are largely concerned
with the interface failure problem. Attempts to treat the coupled
ﬂexural crack/interface debonding problem have received less
attention owing to the obvious complexities surrounding the
mechanical modeling of these interactions. Some experimental
and modeling work however has been carried out, e.g., Rabinovitch
and Frostig (2001), Teng et al. (2003) and Carpinteri et al. (2007).
Analyses of the interface failure problemare based on concepts from
either fracturemechanics of homogeneous solids andbimaterials or,ll rights reserved.
: +1 315 433 9099.cohesive zonemodeling employing elementary beam theory and/or
ﬁnite element analysis (FEA). For the former, Hutchinson and Suo
(1992) provides a comprehensive review of this work through
1991. The origins of the later approach canbe found in an interesting
paper by Ungsuwarungsri and Knauss (1987) who employed ele-
mentary beam theory and a number of different piecewise linear
cohesive force laws in normal mode to analyze fracture along an
interface in a double cantilever beam (DCB). In that work the inter-
face is divided into three distinct regions consisting of an unloaded
portion (the crack), a ‘‘yield” region characterized by a piecewise lin-
ear cohesive law and a semi-inﬁnite linear elastic foundation region.
Stationary crack and quasi-static crack propagation behavior are
presented although the response in each of these circumstances is
obtained separately and the transition between the two is not cap-
tured. The paper also includes a comparison ﬁnite element analysis
and discussion on the use of the results for extracting the surface
energy and the shape of the cohesive law. Subsequent studies that
employed this approach for the bilayer problem consider different
geometries and loadings but typically utilize simpliﬁed cohesive
zonemodels to capture interface debonding. Rarely are general nor-
malandshear interface force lawsemployed (anexception to this is a
recentpaper byRabinovitch (2008)).Most recently an analysis along
the lines of Ungsuwarungsri and Knauss (1987) was carried out for
the problem of multiple defects situated on an interface in a DCB
conﬁguration (Carpinteri et al., 2008). Like Ungsuwarungsri and
Knauss the authors assume the beam is materially uniform and
neglect shear allowing the use of an Euler–Bernoulli beam on an
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rise to material interpenetration when the interface is in compres-
sion. The authors complement thisworkwith FEA using amore gen-
eral interface force law to assess the signiﬁcance of this deﬁciency.
A comprehensive ﬁnite strain, ﬁnite element analysis of debond-
ing of a viscoplastic block from a rigid substrate was carried out by
Needleman (1990a,b). This work utilized general nonuniform, non-
linear interface force laws to study quasi-static debonding along a
straight interface under uniaxial straining (Needleman, 1990a) and
plane strain tension with superimposed hydrostatic stress (Needle-
man, 1990b). Here, interface nonuniformitywas taken in the formof
an interface coordinate dependent interface strength, i.e., a non-
bondedportionof interface. Theuseofnonlinear interface force-sep-
aration relations to model separation/slip behavior introduces a
characteristic force length in the analysis. For decreasing values of
this parameter a transition is shown to occur between more or less
uniform separation along the bond line to crack-like propagation
of the defect. The studies also indicate that interfacial shear leads
to shear dominated decohesion when the interface is uniform and
there is signiﬁcant differential lateral contraction between the rigid
substrate and the viscoplastic block.
The present paper provides an exact elasticity solution to a
composite slab system composed of N distinct layers subject to
general loading. As such it is not subject to the usual approxima-
tions inherent in beam theory. Furthermore, because the goal is
to focus on the detailed features of quasi-static defect propagation
our analysis process provides a sharper tool to investigate brittle
and ductile interfacial decohesion in solitary and multiple defect
interaction problems then the ﬁnite element method. In the fol-
lowing section an exact Fourier series solution for a single slab is
presented. This sub-problem is similar in some respects to the
well-known plane beam problems considered by Timoshenko
and Goodier (1970) and, more recently, Soutas-Little (1973) and
Barber (2002), but differs in that general, weak boundary condi-
tions are prescribed on the side surfaces. In Section 3, this solution
is used to construct integral equations governing interfacial sepa-
ration for the two-slab (bilayer) and the multi-slab systems fully
accounting for rigid body translation and rotation. Section 4 pre-
sents solutions for the bilayer, solitary defect1 problem under peel-
ing load and mixed load while Section 5 treats the defect pair2
problem for the bilayer. The explicit interface force law used in these
applications is primarily of exponential type developed by Xu and
Needleman (1993) although any form may be employed (for com-
parison purposes, in some calculations we utilize the piecewise lin-
ear uncoupled normal and shear laws (De Lorenzis and Zavarise,
2008)). In fact, different forms could be employed for different inter-
faces in systems in which the number of slabs exceeds two. Interface
non-uniformity, i.e., defect speciﬁcation, at any particular interface is
captured by a spatially varying interface strength in the form of non-
bonded portions of interface. The paper closes with a brief section on
conclusions.
2. Solutions for the single slab
Consider a planar linear elastic slab B ¼ fðx; yÞjx 2 ðl; lÞ;
y 2 ðh;hÞg subject to strong (that is pointwise prescribed) bound-
ary conditions on the horizontal surfaces,
Sxyðx; y ¼ hÞ ¼ f 1x ðxÞ; Syyðx; y ¼ hÞ ¼ f 1y ðxÞ
Sxyðx; y ¼ hÞ ¼ f 2x ðxÞ; Syyðx; y ¼ hÞ ¼ f 2y ðxÞ
ð1Þ
and weak (that is resultant prescribed) boundary conditions on the
vertical surfaces,1 A single nonbonded portion of interface.
2 Two distinct, separated nonbonded portions of interface.Z h
h
Sxyðx ¼ l; yÞdy ¼ Q2;
Z h
h
Sxyðx ¼ l; yÞdy ¼ Q1Z h
h
Sxxðx ¼ l; yÞdy ¼ N2;
Z h
h
Sxxðx ¼ l; yÞdy ¼ N1Z h
h
ySxxðx ¼ l; yÞdy ¼ M2;
Z h
h
ySxxðx ¼ l; yÞdy ¼ M1
ð2Þ
where ðSxx; Sxy; SyyÞ represent the planar components of the stress
tensor S in Cartesian coordinates and ðN1;Q1;M1;N2;Q2;M2Þ are
the prescribed axial force, shear force and bending moment per unit
depth of the cross-section, respectively (Fig. 1). The loadings
ðf 1y ; f 2y ; f 1x ; f 2x Þ, representing normal and shear tractions on the hori-
zontal surfaces, are assumed to be square integreble3 and consistent
with global equilibrium of the slab, but otherwise arbitrary. Note
that the superscript on the traction components ðf ix; f iyÞ indicates
top ði ¼ 1Þ or bottom ði ¼ 2Þ surface (for resultants ðNi;Qi;MiÞ the
subscript indicates left (i ¼ 1Þ or right ði ¼ 2Þ surface). Depending
upon whether the slab surface is interior or exterior the functions
ðf 1x ; f 1y ; f 2x ; f 2y Þ are regarded as applied boundary tractions or, reactive
displacement jump dependent interface tractions. The equations of
global equilibrium representing force and moment balance are given
by,
N2  N1 þ
Z l
l
½f 1x ðxÞ  f 2x ðxÞdx ¼ 0;
Q2  Q1 þ
Z l
l
½f 1y ðxÞ  f 2y ðxÞdx ¼ 0
lðQ2 þ Q1Þ þ ðM1 M2Þ þ
Z l
l
x½f 1y ðxÞ  f 2y ðxÞdx
 h
Z l
l
½f 1x ðxÞ þ f 2x ðxÞdx ¼ 0
ð3Þ
where use has been made of the weak boundary conditions (2).
Stress function solutions that satisfy the biharmonic equation
ðDDu ¼ 0Þ may be expressed in the form of an eigenfunction
expansion,
u ¼
X1
n¼0
wnðyÞ cosanxþ
X1
n¼1
gnðyÞ sinanx; an ¼
np
l
ð4Þ
with wn;gn given by,
w0ðyÞ ¼ C10 þ C20yþ C30y2 þ C40y3
wnðyÞ ¼ C1n coshanyþ C2n sinhanyþ C3ny coshanyþ C4ny sinhany
gnðyÞ ¼ D1n coshanyþ D2n sinhanyþ D3ny coshanyþ D4ny sinhany
n ¼ 1;2;3; . . .
ð5Þ
The terms C10;C20y are degenerate since they lead to a null stress
ﬁeld, i.e., components
Sxx ¼ @
2/
@y2
; Syy ¼ @
2/
@x2
; Sxy ¼  @
2/
@x@y
ð6Þ
vanish identically. The stress function C0xyþ C1x2 however leads to
Fourier stress components, Sxx ¼ 0; Syy ¼ 2C1; Sxy ¼ C0. In addi-
tion, we must add the stress function C2x2yþ C3xy2 þ C4xy3 which
captures axial variation of shear force, normal force and bending
moment required by the weak boundary conditions on the surfaces
at x ¼ l (Fig. 1). Thus the complete stress function is given by (4)
and (5) with C10 þ C20yþ C30y2 þ C40y3 in w0ðyÞ replaced by
C0xyþ C1x2 þ C30y2 þ C40y3 þ C2x2yþ C3xy2 þ C4xy3. The seven
constants fC0; C1;C2;C3;C4; C30;C40g together with the 8 sets
of coefﬁcients fC1n;C2n;C3n;C4n;D1n;D2n;D3n;D4n;n ¼ 1;2; . . .g are3 A function which is piecewise continuous with a ﬁnite number of bounded jump
discontinuities.
1
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N1 N2
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Fig. 1. Geometry of a single slab.
4 An interface strength which varies with interface coordinate. An interface with
efects in the form of nonbonded portions of interface is included as a special case.
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plus the three weak conditions on the left end of the slab (2)
x ¼ l. (Note that the four strong boundary conditions represent
12 conditions on the constants or sets of coefﬁcients.) The three
additional weak boundary conditions in (2) are used to obtain the
resultant normal, shear and moment at the right end of the slab
(on x ¼ lÞ. It is not hard to show that satisfaction of all of these con-
ditions implies satisfaction of global equilibrium (3).
If the normal and shear loads ðf 1x ; f 1y ; f 2x ; f 2y Þ on the upper and
lower surfaces are written as mean convergent Fourier expansions,
e.g.,
f 1y ðxÞ¼
X1
n¼0
f 1yen cosanxþ
X1
n¼1
f 1yon sinanx
f 1yen ¼
1
l
Z l
l
f 1y ðxÞcosanxdx; f 1yon ¼
1
l
Z l
l
f 1y ðxÞsinanxdx; n¼1;2; . . .
f 1ye0 ¼
1
2l
Z l
l
f 1y ðxÞdx
ð7Þ
then the coefﬁcients fC0; C1;C2;C3;C4; C30;C40g and fC1n; C2n;C3n;
C4n;D1n;D2n;D3n;D4n; n ¼ 1;2; . . .g can be expressed in a form
explicitly dependent on the boundary loads. Note that in (7) sub-
script eðoÞ indicates even (odd) coefﬁcients of cosine (sine). Similar
representations hold for ðf 2y ; f 1x ; f 2x Þ. The stress ﬁeld is therefore com-
pletely determined by the Fourier coefﬁcients of ðf 1x ; f 1y ; f 2x ; f 2y Þ and
the constants ðN1;Q1;M1Þ. The displacement follows by direct inte-
gration of the stress displacement relations. Of particular impor-
tance to the development of interfacial integral equations,
discussed in the following section, are the boundary displacement
components uxðx; y ¼ hÞ; uyðx; y ¼ hÞ given by,
uxðx; y ¼ elÞ ¼ uRx xelþ hxðxÞ þ
Z l
l
K1xyðx; x0Þf 1y ðx0Þdx0
þ
Z l
l
K2xyðx; x0Þf 2y ðx0Þdx0 þ
Z l
l
K1xxðx; x0Þf 1x ðx0Þdx0
þ
Z l
l
K2xxðx; x0Þf 2x ðx0Þdx0
uyðx; y ¼ elÞ ¼ uRy þxxþ hyðxÞ þ
Z l
l
K1yyðx; x0Þf 1y ðx0Þdx0
þ
Z l
l
K2yyðx; x0Þf 2y ðx0Þdx0 þ
Z l
l
K1yxðx; x0Þf 1x ðx0Þdx0
þ
Z l
l
K2yxðx; x0Þf 2x ðx0Þdx0
ð8Þ
where the functions ðhx;hyÞ depend on the resultant end loadings
ðN1;Q1;M1;N2;Q2;M2Þ and e is the non-dimensional length ratio
h=l. In (8) the ðKixx;Kixy;Kiyx;KiyyÞ are kernel functions with i ¼ 1;2
indicating the particular surface or interface. These quantities are
generally dependent on slab elastic properties E; m, slab half-length
l and e. Note that the boundary displacement includes rigid body
displacement components uRx xel; uRy þxx. This is because the
beam has yet to be ﬁxed. Explicit expressions for ðhx;hyÞ and theðKixx;Kixy;Kiyx;KiyyÞ are not given. Similar quantities for the composite
system will be introduced in the next section and provided in the
Appendix. The displacement components at the boundary
y ¼ h ¼ el can be obtained from (8) by replacing e with e.
3. Integral equations for layered composite systems
Integral equations governing interfacial separation/slip behav-
ior can be obtained for a layered composite system by employing
(8) and properly identifying applied boundary loads and reactive,
displacement jump dependent interface tractions. The methodol-
ogy can handle any number of slabs of different thicknesses and
lengths, different elastic properties, different, general nonlinear
nonuniform4 interface separation/slip relations and general point-
wise prescribed boundary loads on the horizontal surfaces/interfaces
and resultant loads on the vertical surfaces. Because ultimately our
goal is to develop a tool to analyze composite systems consisting
of N distinct slabs (numbered top to bottom) we introduce notation
whereby f ijk means the traction in the k coordinate direction (k ¼ 1 or
x; k ¼ 2 or yÞ for the ith interface/surface in the jth slab. The ith
interface/surface is always either top ði ¼ 1Þ or bottom ði ¼ 2Þ.
Similarly, ðNij;Qij;MijÞ indicates the set of stress resultants on the left
side ði ¼ 1Þ or right side ði ¼ 2Þ of the jth slab. Similar notation
applies for the kernel functions ðKijxx;Kijxy;Kijyx;KijyyÞ.
Consider the bilayer system shown in Fig. 2. If the single slab
solution is applied to the upper (lower) slab then f 11x ; f
11
y ðf 22x ; f 22y Þ
(of Fig. 1) represents applied boundary loads while f 21x ¼
f 12x ; f
21
y ¼ f 12y are interface traction-separation/slip relations which,
for non-uniform interfaces, may be written as f 21x ðx;uðxÞ;
vðxÞÞ; f 21y ðx;uðxÞ;vðxÞÞ. The normalized displacement jump compo-
nents uðxÞ, vðxÞ are deﬁned by u ¼ ½u  ex=l; v ¼ ½u  ey=lwhere the
displacement jump vector ½u is the difference uðx; y0 ¼
htÞ  uðx; y ¼ hbÞ; uðx; y0 ¼ htÞ taken in the top slab and
uðx; y ¼ hbÞ taken in the bottom slab. Integral equations governing
the normal component of displacement jump (or separation) v and
tangential component (or shear slip) u can be obtained by writing
(8) for the lower (upper) surface of the top (bottom) slab and sub-
tracting. This leads to,
uðxÞ ¼ uR þx1e1 þ hRx ðxÞ þ
Z l
l
K11xy ðx; x0Þf 11y ðx0Þdx0
þ
Z l
l
K11xx ðx; x0Þf 11x ðx0Þdx0 þ
Z l
l
K22xy ðx; x0Þf 22y ðx0Þdx0
þ
Z l
l
K22xx ðx; x0Þf 22x ðx0Þdx0 þ
Z l
l
Kxyðx; x0Þf 21y ðx0;uðx0Þ; vðx0ÞÞdx0
þ
Z l
l
Kxxðx; x0Þf 21x ðx0;uðx0Þ;vðx0ÞÞdx0
vðxÞ ¼ vR x1xþ hRyðxÞ þ
Z l
l
K11yy ðx; x0Þf 11y ðx0Þdx0
þ
Z l
l
K11yx ðx; x0Þf 11x ðx0Þdx0 þ
Z l
l
K22yy ðx; x0Þf 22y ðx0Þdx0
þ
Z l
l
K22yx ðx; x0Þf 22x ðx0Þdx0 þ
Z l
l
Kyxðx; x0Þf 21x ðx0;uðx0Þ; vðx0ÞÞdx0
þ
Z l
l
Kyyðx; x0Þf 21y ðx0;uðx0Þ;vðx0ÞÞdx0
ð9Þ
where Kxx ¼ K21xx  K12xx ; Kxy ¼ K21xy  K12xy ; Kyx ¼ K21yx  K12yx ; Kyy ¼ K21yy
K12yy . Note that the ﬁrst four integrals in each integral equation repre-
sents the effect on behavior arising from the pointwise prescribed
boundary loads on the upper and lower surfaces. The functions hRxd
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Fig. 2. The composite bilayer.
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1
x ; h
2
x and h
1
y ;h
2
y , respec-
tively, normalized by half-length l. (For explicit expressions of these
quantities as well as the kernel functions see Appendix.) The rigid
body equilibrium terms uR; vR;x1 appearing in the integral equations
are handled in the following way. If an equilibrium set of applied
boundary loads are chosen for the bilayer system then satisfaction
of equilibrium equations (3) for one layer implies satisfaction of equi-
librium for the second layer. Thus we have available three additional
equations (3) to solve for three of the six rigid body displacement
quantities associated with the two individual slabs. In (9) we have
ﬁxed the bottom slab against rigid translation and rotation. The
remaining three rigid body terms associated with the top slab will
be obtained using (3). A prescription of the quantities f 21x ; f
21
y as func-
tions of interface coordinate x and normal separation v and shear slip
u completes the governing equations to the problem. In other words,
the system (9) and (3) is well posed and its solution uðxÞ;vðxÞ enables
the determination of interface traction distributions f 21x ðxÞ; f 21y ðxÞ. If
desired, the stress ﬁeld within the slabs can now be determined since
all the boundary conditions are available explicitly. In the case of an N-
layer system the number of interfaces (and interface separation/slip
pairs uðxÞ; vðxÞÞ is N  1. The number of integral equations is therefore
2N  2.
The solution to (9) (and (3)) follows by ﬁrst expanding the sep-
aration/slip quantities uðxÞ; vðxÞ in eigenfunctions of the kernels.
The expansions are substituted into (9) reducing them to an inﬁ-
nite set of nonlinear algebraic equations which are then truncated
and solved for the unknown ‘‘mode” multipliers. This is carried out
by a computer program which utilizes the Newton–Raphson meth-
od to solve the equations. Integrals explicitly appearing in the alge-
braic equations are evaluated using a composite Simpson formula.
For all the calculations that follow 128 modes were used in the
expansion.
4. The single defect
The two example conﬁgurations analyzed in this section are
typical of shear and peel fracture tests carried out on composite
laminates and ﬁber reinforced plastic (FRP) plates bonded to con-
crete substrates. For the later case this represents a simpliﬁcation
to the actual behavior because in a concrete/FRP composite system
(i) the epoxy bond thickness is typically of the same order of mag-
nitude as that of the FRP plate (not vanishingly thin as assumed
here) and (ii) the principal failure mode in these systems is not
debonding of the FRP/epoxy or the concrete/epoxy interfaces but
rather cracking within the concrete parallel and close to the
epoxy/concrete interface. It has been suggested (Pan and Leung,
2007) that the reason for this is epoxy penetration into the con-
crete (in which case the assumption of debonding along a sharpinterface may not be unreasonable). In any event a more realistic
analysis can be carried out by analyzing a three-layer system how-
ever here we are content to solve the bilayer problem and to leave
the considerably more complicated trilayer analysis to future
work.
4.1. Interface force law
In this paper, a smooth hyperelastic interface constitutive rela-
tion proposed by Xu and Needleman (1993) is employed which al-
lows for both normal and shear failure modes in the interfacial
region. This interface force law couples the physically based non-
linear normal force-separation relation of Ferrante et al. (1982)
to a phenomenological nonlinear shear mechanism. In its original
inception the normal law was derived for sharp, crystalline inter-
faces. It is used here in the Xu–Needleman form because (i) there
appears to be no experimental evidence for the bilinear law fre-
quently used for concrete/FRP interfaces (Leung and Tung, 2006)
and (ii) it is general enough to capture physically reasonable inter-
actions between normal and shear modes. Other cohesive interface
constitutive relations reported in the literature such as sinusoidal
shear slip relations (Frenkel, 1926; Needleman, 1990a,b; Beltz
and Rice, 1991; Bozzolo et al., 1991), ”non-potential” models
(e.g., Tvergaard, 1990), or piecewise linear models may also be
employed in the framework presented here (a description of a
piecewise linear, uncoupled model, used in some calculations for
comparison purposes, is given at the end of this section). A uniﬁca-
tion of existing cohesive and contact models, along with a discus-
sion on ﬁnite element implementation, has been described in Paggi
et al. (2006). For the single interface of the bilayer system the
Xu–Needleman relations are,
f 21y ¼ fy ¼ ermax exp 
v
dn
 
v
dn
exp C
2u2
d2n
 !"
 1 exp C
2u2
d2n
 !" #
q v
dn
 #
f 21x ¼ fx ¼ 2eqrmax C2
u
dn
 
exp  v
dn
 
exp C
2u2
d2n
 !
ð10Þ
where e ¼ expð1Þ. This form guarantees that the maximum
shear that can be transmitted decreases with increasing normal
separation v. The four interfacial constitutive parameters are:
normal characteristic force length ðdnÞ normalized by slab half-
length l, the ratio of shear energy to normal energy for complete
separation ðqÞ, the normal interface strength ðrmaxÞ, and the shear
stiffness/strength parameter C (deﬁned by dn ¼ Cdt where dt is
the shear characteristic force length parameter). For ﬁxed u, fy
reaches its maximum fmaxy ðvÞ at, vm ¼ dn þ dnq 1 exp  C
2u2
d2n
 h i
so dn 6 vm 6 dnð1þ qÞ, which means the maximum interface
normal traction is delayed by the presence of shear slip u. (When
there is no shear slip the maximum interface normal traction
fmaxy ðvÞ ¼ rmax occurs at v ¼ dn.) Furthermore, /n is the normal
energy of complete separation, i.e., /n ¼
Rþ1
0 fyð0; vÞdv ¼ ermaxdn,
while the corresponding shear energy is /t ¼
Rþ1
0 fxðu;0Þdu ¼ q/n.
An interfacial shear strength can be introduced by noting that,
from (10), for any ﬁxed normal separation, fx achieves its maxi-
mum value at um ¼ dt
ﬃﬃﬃ
2
p
=2. The interface shear strength is then
deﬁned to be smax ¼ qCrmax
ﬃﬃﬃﬃﬃ
2e
p
which is the maximum shear trac-
tion when normal separation vanishes, i.e., fmaxx ð0Þ where
fmaxx ðvÞ ¼ fxð
ﬃﬃﬃ
2
p
dt=2;vÞ. Furthermore, the initial shear stiffness
dfx
du jð0;0Þ ¼ 2qermaxC2=dn, so for ﬁxed rmax; q and dn, larger C repre-
sents smaller dt and larger shear stiffness and shear strength. Thus,
an alternative set of four interface parameters is rmax; dn; smax; dt
where the ﬁrst (last) two characterize normal (shear) mode
ab
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tive relations fyð0;vÞ and fxðu;0Þ according to the force law (10) are
shown in Fig. 3 for different interface characteristic force lengths dn
and dt , respectively. Note that the interface shear force fx is normal-
ized by shear strength smax, so that these curves do not depend on
q.
An uncoupled piecewise linear interface force law is assumed in
the form,
fx ¼
0; u 2 ð1;ctÞ
smaxðuþctÞ
dt=
ﬃﬃ
2
p
ct
; u 2 ðct;dt=
ﬃﬃﬃ
2
p
Þ
smaxu
dt=
ﬃﬃ
2
p ; u 2 ðdt=
ﬃﬃﬃ
2
p
; dt=
ﬃﬃﬃ
2
p
Þ
smaxðuctÞ
dt=
ﬃﬃ
2
p
ct
; u 2 ðdt=
ﬃﬃﬃ
2
p
; ctÞ
0; u 2 ðct ;1Þ
8>>>>><
>>>>>:
; f y ¼
r0v
d0
; v 2 ð1;0Þ
rmaxv
dn
; v 2 ð0; dnÞ
rmaxðvcnÞ
dncn ; v 2 ðdn; cnÞ
0; v 2 ðcn;1Þ
8>>><
>>:
ð11Þ
and shown in Fig. 4a in shear mode and in Fig. 4b in normal mode.
Note that for comparison purposes we select the length parameters
ðcn; ctÞ so that the interface energies ð/n;/tÞ of (11) are the same as
that of the Xu–Needleman law, i.e., cn ¼ 2 expð1Þdn; ct ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 expð1Þp dt . Furthermore, in all calculations the compression stiff-
ness r0=d0 in (11) is taken to be a very large number (100 times the
tensile stiffness) in order to approximate contact.
Defects that correspond to variations of interfacial strength rmax
are considered by assuming an interface strength function r^max
dependent on interface coordinate x. The defect can be modeled
(Needleman, 1990a,b) by a smooth hyperbolic tangent function,
deﬁned on interface D ¼ fðx; yÞjx 2 ðl; lÞ; y ¼ hbg,which we employ
here in the form,
r^maxðxÞ ¼ rm  ðrm  rMÞ2 1þ tanh
xþ l a
2d
  
ð12Þ
where rM is the interfacial strength constant without defects, rm is
the degraded interfacial strength constant with rm 6 rM and 8d
approximates the transition region. This form is used here because
it gives rise to signiﬁcantly better solution convergence then the
piecewise smooth linear defect model. For a perfect interface
rm ¼ rM . When rm ¼ 0 (12) describes a ”crack-like” defect of length
a. Note that (12) readily generalizes to N defects,−2
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Fig. 3. The Xu–Needleman interface force law.
Fig. 4. Piecewise linear and Xu–Needleman interface force laws.r^maxðxÞ ¼ rm þ rM  rm2
XN1
n¼0
ðf2nþ1ðxÞ  f2nðxÞÞ; f0 ¼ 0
f2nðxÞ ¼ 1þ tanh
xþ l a2n
2d
  
;
f2nþ1ðxÞ ¼ 1þ tanh
xþ l a2nþ1
2d
  
ð13Þ
where the nþ1 defect has length a2nþ1  a2n; a0 ¼ 0. Eq. (13) is valid
for defects with equal degraded interfacial strengths rm and equal
transition regions d but these assumptions can easily be relaxed.
In this section, we consider solitary defects of type (12) while in
the next section we consider defects that can be modeled by (13).
Fig. 5 is a plot of (13) for the case of two ‘‘crack-like” defects of equal
length along the bond line.
Fig. 5. The interface strength for the defect pair problem.
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Consider the conﬁguration of Fig. 6a. For this problem there is no
externally applied load on the top and bottom surfaces of the bilayer
system so that the ﬁrst four integrals in each integral equation (9)
vanish. The only nonzero force resultants applied to the system are
the shears Q11 ¼ P; Q12 ¼ P. There are three types of parameters
that can be identiﬁed, i.e., geometric ðht; hb; lÞ, bulk constitutive
ðEt; Eb; mt ; mbÞ, and interface constitutive ðrM; dn;C; q; a; dÞwhere the
last two interface parameters characterize the defect geometry. All
parameters, with the exception of the force length dn, are ﬁxed at
the values: Et=rM ¼ 11;500; Eb=rM ¼ 1600; mt ¼ :4; mb ¼ :2; ht=l ¼
:05; hb=l ¼ :1; C ¼ :69; q ¼ :5; a=l ¼ :5; d=l ¼ 0:01. Furthermore,
at the value of d=l chosen the interface strength approximates
step-like behaviorwith the transition centered in a very small inter-
val surrounding the initial location of the defect tip at x=l ¼ :5.
Behavior is sought for various values of dn which is proportional to
the interfacial energy for ﬁxed interface strength, i.e., dn character-
izes the ‘‘brittleness” of the interface. Note that the values chosen
for the parameters C and q characterize an interface which, in nor-
mal mode, is stiffer ðdfy=dv jð0;0Þ > dfx=dujð0;0ÞÞ, stronger ðrM > smaxÞ
and more brittle ðdn < dtÞ then in shear mode.
Two deﬁnitions will now be introduced which will be used be-
low to characterize behavior. The initiation load is deﬁned to be the
smallest value of applied load which causes the defect to extend.
The related notion of defect length a^ðPÞ, with a^ðP ¼ 0Þ ¼ a, is de-P 2ht
a
2l 2hbP
P
2ht
a
2l 2hbP
M
a
b
Fig. 6. The single defect. (a) Peel load conﬁguration. (b) Mixed load conﬁguration.ﬁned by onset criteria for separation or slip, i.e., the defect tip is
located at the point which ﬁrst satisﬁes uðx; PÞ ¼ dt or
vðx; PÞ ¼ dn. (For a discussion of the strengths and weaknesses of
this deﬁnition see Xie and Levy, 2007.) The unzip load is the max-
imum value of applied load which can sustain equilibrium. When
it is attained the rate of change (with load) of the defect length
a^ðPÞ becomes unbounded at a ﬁnite value of defect length.
Figs. 7 and 8 depict the distribution of normal separation vðxÞ
and shear slip uðxÞ at four different values of load P for the case
dn ¼ :01 and dn ¼ :001, respectively. Note the gradual process of
ductile normal separation of the interface at dn ¼ :01 (Fig. 7a). In
this case, the interface unzips at a maximum value of load
P ¼ 0:08. In Fig. 8a, for dn ¼ :001, the maximum load attainable is
P ¼ 0:032 and beyond that value of load the interface unzips. Thus,
this ﬁgure describes a more abrupt process leading to brittle sepa-
ration. Both Figs. 7a and 8a indicate very small negative values of v
for intervals behind the advancing defect tip. Interpenetration of
this kind indicates a region of contact (recall the interface force
law in normal mode (Fig. 3a) resists interpenetration through a
large compressive stiffness). Furthermore, the shear slip of the
interface ðuðxÞÞ is an order of magnitude smaller than the normal
separation for both cases with the maximum values occurring in
the nonbonded portion of the interface. This is to be expected given
the peeling mode conﬁguration. Failure for this case is in normal
mode. Figs. 9 and 10 present plots of the normal ðfyÞ and shear
ðfxÞ interface traction components for dn ¼ :01; dn ¼ :001, respec-
tively. These graphs are consistent with Figs. 7 and 8 for the jump
distributions. As expected for this peel loading case fx is an order of
magnitude smaller then fy. Furthermore, the plots clearly show re-
gions of interface compression and shear traction reversal which
must occur in order to satisfy global equilibrium of a single layer.
Fig. 11 is a plot of the defect length a versus load P for two different
values of dn. Note that the curves begin at the initiation load and
terminate at the ‘‘unzip” load, i.e., the maximum load attainable
before dynamic response. The ﬁgure indicates that for brittle inter-Fig. 7. Distribution of interfacial slip u, separation v for dn ¼ 0:01. Single defect.
Fig. 11. Defect length. Peel load conﬁguration. Single defect.
Fig. 8. Distribution of interfacial slip u, separation v for dn ¼ 0:001. Single defect.
Fig. 9. Distribution of interfacial tractions fx; f y for dn ¼ 0:01. Single defect.
Fig. 10. Distribution of interfacial tractions fx; f y for dn ¼ 0:001. Single defect.
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comes large at small values of load P and length a. Furthermore,
the defect can extend only a small amount between the initiationload and the unzip load. This contrasts with ductile interface
behavior (large values of dnÞ where the rate becomes large at large
values of load P and length a. Taken together Figs. 7–11 indicate
the qualitative difference in behavior for the ductile interface
ðdn ¼ :01Þ and for the brittle interface ðdn ¼ :001Þ. In the ductile
case, the interface defect opens up and extends gradually with
application of load. Brittle behavior has the defect behaving in an
almost stationary manner, opening a small amount but not extend-
ing much until a critical P precipitates an abrupt unzipping behav-
ior. This phenomenon has been described elsewhere in different
contexts (Needleman, 1990a,b; Xie and Levy, 2007). Note that
when both layers have identical material and geometric properties,
the results (not shown) are virtually the same as that of elementary
beam theory. This is true even for relatively large values of the
ratio h=l (e.g., h=l=0.3). Some deviation does occur at the edges
C. Nguyen, A.J. Levy / International Journal of Solids and Structures 46 (2009) 2712–2723 2719however owing to the weak boundary conditions prescribed in the
elasticity solution.
Figs. 12 and 13 are comparison plots of tip opening versus tip
load using the Xie–Needleman law and the piecewise linear law
at two values of force length parameter dn. For both the brittle
interface dn ¼ 0:001 (Fig. 12) and the ductile interface dn ¼ 0:01
(Fig. 13) both laws predict qualitatively similar response however
in all cases the piecewise linear law yields a more compliant
behavior then the Xie–Needleman law. This is because the initial
interface stiffnesses dfy=dv jð0;0Þ; dfx=dujð0;0Þ for the Xie–Needleman
law are greater then for the piecewise linear law at the same
ðdn; dtÞ and interface energies (see Fig. 4).
4.3. Mixed loading
Now consider the conﬁguration of Fig. 6b. There is no externally
applied load on the top and bottom surfaces of the bilayer system
and the only nonzero force resultants applied are the normal forces
N11 ¼ P; N12 ¼ P and the moment M12 ¼ M ¼ ðhb þ htÞP required
for global equilibrium. All geometric, bulk constitutive and inter-
face constitutive parameters, with the exception of the normal
force length dn, are ﬁxed at the values noted in the previous
subsection.
Solution curves for uðxÞ; vðxÞ; f xðxÞ; f yðxÞ have shapes similar
to the peel load solution however the magnitudes of these quanti-
ties, for this inherently mixed mode case, are different. The unzip
load (PÞ is an order of magnitude larger in the mixed load case
although the overall magnitudes of the defect lengths are compa-
rable. As expected interfacial shear slip is an order of magnitudeFig. 12. Tip opening versus tip load. Peel load conﬁguration. dn ¼ 0:001.
Fig. 13. Tip opening versus tip load. Peel load conﬁguration. dn ¼ 0:01.larger in mixed loading then in peel loading. Whereas the opening
mode clearly dominates in peel loading both opening and slipping
occur equally for mixed loading. A plot of defect length a^ðPÞ indi-
cates that for both the brittle interface ðdn ¼ :001Þ and the ductile
interface ðdn ¼ :01Þ, the defect extends in shear at an initiation load
which is slightly smaller than that required for extension of the
defect in normal mode. The defect extension rate da^=dP in shear
becomes unbounded at a load (unzip load) smaller than that which
produces and unbounded extension rate in normal mode. For this
reason the interface is said to fail in shear. As expected both the
initiation load and the unzip load are an order of magnitude larger
for the ductile interface ðdn ¼ :01Þ. An unexpected prediction is
that the amount of extension of the defect is considerably larger
for the brittle interface then for the ductile interface. This counter-
intuitive result arises from the mixed loading and the complex
coupling between the normal and shear modes in the interface
force law (10).
5. The defect pair
5.1. Peel loading
The defect pair conﬁguration used in this paper is shown in
Fig. 14 and is consistent with a nonuniform interface strength in
the form of Fig. 5, i.e., two defects each of length l=5 spanning
the intervals x 2 l; 45 l
	 

; x 2  35 l; 25 l
	 

. As with the single de-
fect problem the only nonzero force resultants applied to the sys-
tem are the shears Q11 ¼ P; Q12 ¼ P. The geometric parameters
ðht ;hb; lÞ, the bulk constitutive parameters ðEt; Eb; mt ; mbÞ, and the
interface constitutive parameters ðrM; dn;C; q; dÞ are all taken to
be the same as in the single defect case except that there are
now three length parameters fa1; a2; a3g arising from (13) which
take on the values 15 ;
2
5 ;
3
5
 
. As in the single defect problem behav-
ior is sought for various values of dn. Note that the defect tips are
initially situated at x=l ¼ 0:80;0:60;0:40. Figs. 15 and 16
depict distributions of normal separation vðxÞand shear slip uðxÞ
at values of force length dn ¼ 0:01 and dn ¼ 0:001, respectively.
Fig. 15a depicts behavior at dn ¼ 0:01 that one would expect of a
ductile interface, i.e., an opening of all three defect tips with the
magnitude of the opening becoming smaller with distance from
the point of application of the load. Consider now Fig. 16a at force
length dn ¼ 0:001 corresponding to brittle interface response. The
ﬁgure indicates the interesting fact that, while the tip at
x=l ¼ 0:80 opens for all values of load, the right most tip at
x=l ¼ 0:40 has an opening displacement which monotonically de-
ceases from zero indicating material interpenetration and defect
closure. The intermediate defect tip (at x=l ¼ 0:60Þ undergoes
interpenetration at small to moderate values of load P but eventu-
ally separates for larger values of P highlighting the competition
between a ‘‘see-saw” type rigid body rotation (tending to close
the tip) and an opening deformation. In uniform (constant rmaxÞP
P
a
2l
2ht
2hb
P
P
M
2l
a
2ht
2hb
a
b
Fig. 14. The defect pair. (a) Peel load conﬁguration. (b) Mixed load conﬁguration.
Fig. 15. Distribution of interfacial slip u, separation v for dn ¼ 0:01. Defect pair.
Fig. 16. Distribution of interfacial slip u, separation v for dn ¼ 0:001. Defect pair.
Fig. 17. Distribution of interfacial tractions fx; f y for dn ¼ 0:01. Defect pair.
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interpenetration does not arise because negative values of dis-placement jump are resisted by a large compressive interfacial
stiffness (Fig. 3a). When the interface is nonuniform, with ‘‘crack-
like” defects, interpenetration can occur in the region surrounding
a defect tip because a defect requires that the interface force vanish
behind the tip. In this paper we ignore the behavior because, for
the geometry and loading considered, it is not large. A more exact
treatment of this phenomenon would require modeling of the con-
tact region ahead and/or behind the tip or, the use of a more com-
plicated interface strength function r^max (for an example of a
cohesive/contact model see Paggi et al. (2006)).
Figs. 17 and 18 depict distributions of normal and shear inter-
face traction components fyðxÞ; f xðxÞ for dn ¼ :01; dn ¼ :001 at four
different values of load P. These ﬁgures, together with Figs. 15 and
16, indicate that the size of u and fx are an order of magnitude
smaller then that of v and fy although the shapes of the distribu-
tions (u and v; fx and fyÞ are quite similar. Furthermore, the unzip
load for the brittle interface ðdn ¼ :001Þ is similar in magnitude
to the unzip load for the ductile interface ðdn ¼ :01Þ. Fig. 19 is a plot
of defect length versus applied load P for interface force lengths
dn ¼ :01; dn ¼ :001. The ﬁgure indicates behavior that is qualita-
tively the same as the single defect case (Fig. 10). However, be-
cause the defect tips are located at x=l ¼ 0:80;0:60;0:40 the
ﬁgure reveals that for both dn ¼ :01 and dn ¼ :001 the interface
unzips prior to the quasi-static extension of the outer defect to
the inner one although Fig. 15a, for unzip load P ¼ 0:05, appears
to indicate that the outer defect has extended well into the inner
defect. (This apparent inconsistency arises from the deﬁnition of
defect length which requires that the separation of the tip must
exceed dn in order for the defect to be considered as having
extended.) Taken together the results contained in Figs. 15–19
indicate the qualitative differences between brittle interface failure
ðdn ¼ :001Þ and ductile interface failure ðdn ¼ :01Þ, i.e., for the brit-
tle interface, failure occurs when the tip initially located at
x=l ¼ 0:80 is open but the tips at x=l ¼ 0:60;0:40 are essen-
Fig. 18. Distribution of interfacial tractions fx; f y for dn ¼ 0:001. Defect pair.
Fig. 19. Defect length. Peel load conﬁguration. Defect pair.
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are open. The overall magnitudes of the opening displacements are
smaller for the brittle interface.
Figs. 12 and 13 show comparison plots of tip opening versus tip
load using the Xie–Needleman law and the piecewise linear law at
two values of force length parameter dn. As in the single defect
case, both the brittle interface ðdn ¼ 0:001Þ and the ductile inter-
face ðdn ¼ 0:01Þ exhibit qualitatively similar response however
the piecewise linear law yields a considerably more compliant re-
sponse then the Xie–Needleman law. Note that the single defect
behavior is more compliant then the defect pair case because the
amount of defect is larger in the former, i.e., l=2 versus 2l=5.
5.2. Mixed loading
For the mixed conﬁguration of Fig. 14b there are both
similarities and differences as compared with the peel loadingconﬁguration. For example, shear and normal traction compo-
nents, and slip u and separation v are of the same order of magni-
tude. As expected, in this mixed loading case the normal traction
distribution is similar to that of the peel conﬁguration but the
shear traction differs substantially in both magnitude and shape.
Similarly, the normal separation distribution is similar to that of
the peel mode however the slip distribution differs substantially
from that of the peel conﬁguration. Finally, the load required to un-
zip the interface is, for the mixed conﬁguration, an order of magni-
tude larger then for the peel conﬁguration.
A plot of defect length a^ðPÞ indicates behavior that is in line
with the single defect, i.e., for both the brittle interface
ðdn ¼ :001Þ and the ductile interface ðdn ¼ :01Þ the defect extends
in shear at an initiation load which is nearly the same as that re-
quired for extension of the defect in normal mode. Furthermore
(i) the shear extension rate da^=dP becomes unbounded at a load
(unzip load) smaller then that which produces and unbounded
extension rate in normal mode, (ii) both the initiation load and
the unzip load are an order of magnitude larger for the ductile
interface ðdn ¼ :01Þ as compared with the brittle interface
ðdn ¼ :001Þ. The counterintuitive result, seen in the single defect
case, that the amount of extension of the defect is considerably lar-
ger for the brittle interface then for the ductile interface appears
here as well.
6. Conclusions
In this paper, we have presented an exact elasticity theory for
layered composite systems separated by nonlinear and nonuni-
form decohesive interfaces. The utility of this framework, and its
associated computational procedure, is that there are no ad hoc
physical approximations such as those that occur in Euler–Ber-
noulli ‘‘beam on elastic foundation” analyses. Furthermore, be-
cause the formulation ultimately reduces the problem to a
system of readily solvable nonlinear algebraic equations a precise
description of the evolution of interface defects can be obtained.
In the bilayer conﬁgurations discussed in this paper smooth behav-
ior occurs for all values of loading less then the unzip load. When
the unzip load is attained, da^=dP (due to shear slip or normal sep-
aration) becomes unbounded at a ﬁnite value of a^ðPÞ. This signals a
breakdown in quasi-static defect evolution and the coincident
transition to dynamic behavior. The lack of equilibrium states be-
yond criticality is due to the loading and DCB geometry considered.
An example of a system with qualitatively different behavior is the
trilayer system. This three slab conﬁguration is important in appli-
cation because it models two slabs bonded together by a third
adhesive layer of small but ﬁnite thickness. Preliminary results
on a system consisting of identical uniformly loaded top and bot-
tom layers, sandwiching a more compliant middle layer, indicates
the existence of nonsymmetrical equilibrium conﬁgurations in
which one side of the middle layer is adhered to the top slab while
the other is adhered to the bottom slab. The transition to nonsym-
metrical equilibria from uniform, symmetrical states may be grad-
ual (ductile) or abrupt (brittle) depending upon interface
parameters. This kind of bifurcation behavior, in the brittle case
akin to snap buckling, can be difﬁcult to capture using FEA. (For
a study of interface behavior of this kind in a circular inclusion/ma-
trix system see Xie and Levy, 2007.) An analysis of the three slab
system will be the subject of a future publication.
Another application of multilayer composites is in the area of
dental restorations (Niu et al., 2008). In these systems at least
one of the constituents exhibits time dependent constitutive
behavior. It is therefore of interest to extend the theory presented
in this paper to account for linear viscoelastic response of the lay-
ers. Because the problem is nonlinear by virtue of the interface
force law(s) a direct application of the elastic–viscoelastic analogy
2722 C. Nguyen, A.J. Levy / International Journal of Solids and Structures 46 (2009) 2712–2723is not fruitful. A method to handle problems of this type was
introduced by Xie and Levy (2006) and an extension of the present
theory along these lines is being planned as well.Appendix A
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64ll
 eð1þ jÞðQ1  Q2Þ
64l
þ ðj 3Þ
32l
3ðM1 þM2Þ
2le
þ N1 þ N2  Q1  Q22e
 
j ¼ 3 4m; l ¼ E
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